Transverse-to-longitudinal emittance exchange was proposed in [1] as a tool for an effective matching of the electron beam phase space to requirements of a possible application.
Introduction
Bunch compressors play an important role in the physics of charged particle beams.
Many applications require high peak current beams, which are obtained by taking low peak current beams from the injector and compressing them after acceleration to relativistic energy. A widely used method of compression consists of creating a linear energy variation along the bunch of particles (chirp) using the off-crest acceleration in the rf linac and sending this bunch through a magnetic lattice with time-of-flight dispersion, often called a bunch compressor [2] . A compression is achieved by exploring the path length differences of particle trajectories with different energies.
In this paper we propose a new type of a bunch compressor that does not need an energy chirp. This proposal takes advantage of the emittance exchange transformation proposed in [1] and further developed and tested in [3, 4] . We consider doing compression in three principle steps. First, we exchange the longitudinal and horizontal emittances. Second, using the magnetic telescope we expand the horizontal beam size and squeeze its angular size. Finally, we reverse emittance exchange and return to the original horizontal and longitudinal emittances, but in a new state with compressed bunch length and increased energy spread.
In next section we describe this new scheme in detail. After that we analyze possible collective effects due to space charge forces that are applicable to all types of charged particle beams and due to coherent synchrotron radiation that are specific only to the electron beam.
Finally we discuss several applications of the proposed scheme going beyond just bunch compression. Figure 1 shows a schematic of a proposed bunch compressor. It begins and ends with the emittance exchange lattice and has FODO optics in the middle that acts as the magnetic telescope. For illustration of our goal we adapt here the simplest emittance exchange lattice, although many more variants also exist (see, Appendix). Each emittance exchange lattice is composed of two -I beam transport sections containing two bending magnets and a FODO lattice. A key element of the emittance exchange scheme is a radio frequency (rf) deflecting cavity operating in TM 110 mode [1] . An electron energy gain in this cavity depends on an electron horizontal coordinate, and in a thin length approximation is equal to
Bunch compression
Here E is the equilibrium electron beam energy,
is the relative energy deviation, 1 J is the Bessel function of the first kind, D is the reduced rf wavelength, c is the speed of light, e is the electron charge, 0 V is the cavity's total "transverse" voltage, and t is the time. It is assumed that the bunch center passes the cavity at t = 0. Particles passing the cavity at different times receive kicks in the horizontal direction due to the cavity's magnetic field
where z is the longitudinal position of the particle within the bunch with respect to the bunch center. 
, where x′ is the angle. For simplicity, we ignore the vertical motion because no coupling to the vertical motion is produced in the bunch compressor to the first order of the beam transport and obtain [1]
We note that the thick deflecting cavity also supplies energy gain that is quadratic with k due to a combined effect of the magnetic and electric fields, i.e., the magnetic field pushes particles aside and the electric field changes their energies while they gain horizontal offsets. This energy gain can be compensated by using the TM 010 mode accelerating cavity next to the deflecting cavity or two such cavities with half strength, i.e., one on each side of the deflecting cavity as shown with the insert in Figure 1 . We note that the phases of the rf fields in all three cavities should be strictly synchronized. Although the accelerating cavities can operate at a different frequency than the frequency of the deflecting cavity, it is more convenient to use the same frequency. In this case the total accelerating voltage in each side cavity 1 V can be derived from the equation below, which ensures removal of the acceleration term in (3):
In this case a 4×4 transport matrix of a multi-cell side accelerating cavity of length 2 / 
and the entire transport through all three cavities takes the form
where
is the total length occupied by all three cavities. Therefore, the electron beam transport from the entrance of the emittance exchange lattice to the set of cavities located at a 
where η is the dispersion function in the deflecting cavity and ξ is the time-of-flight parameter of this lattice section. Similarly, the beam transport from the end of the set of the cavities to the end of the emittance exchange lattice as shown if Figure 1 is described by the matrix
Finally, using 1 − ≡ η k as suggested in [1] , we obtain for the entire emittance exchange lattice:
After the first emittance exchange we have a new arrangement where the former longitudinal emittance and coordinates appear as the transverse emittance and coordinates and the former transverse emittance and coordinates appear as the longitudinal emittance and coordinates. This arrangement opens a broad range of opportunities to manipulate the former distribution of particles in the longitudinal phase space using known methods of beam manipulation in the transverse phase space. For example, here we demonstrate compression of the bunch. In order to do it we expand the transverse beam size and reduce its angular size using a magnetic telescope with the demagnification factor m described by the following transport matrix:
Following the telescope in Figure 1 is the second emittance exchange lattice, which is exactly the same as the first one. It converts transverse coordinates to the longitudinal coordinates and vice versa, and, thus, returns back the former four-dimensional phase space, but with the modified structure of the longitudinal phase space as a result of the telescope's action, as seen from the product of all three transformations:
Besides bunch compression, the above transformation also produces the energy chirp 
, where E 2 is the final energy, and E 1 is the energy before acceleration. We also note that off-crest acceleration and longitudinal wakefields of the accelerating structure may modify the magnitude of the energy chirp, and it should be accounted for before deciding on the exact value of the R 56 in this lattice section. are initial and final rms bunch length and initial and final rms bunch energy spread, respectively. We note that adding -I transport before or after the telescope or using the telescope with all positive matrix elements will have a result similar to changing m tom in (12) . Such a transformation creates the opportunity for a self compensation of the effects caused by the wakefields because it exchanges the locations of the particles inside the bunch, i.e., particles that were at the head of the bunch before compression will move to the tail of the bunch after compression and vice versa. Equation (12) also shows that cavities produce a weak focusing in the transverse plane with the equivalent focal length 
Collective effects
First we consider emittance degradation triggered by the discreteness (shot noise) of particles in the bunch. We note that the first emittance exchange section converts particle density modulation along the x′ coordinate at the entrance of the bunch compressor into the longitudinal density modulation in the telescope section. Then the longitudinal electric field induced by the space charge in the presence of this modulation creates energy modulation of particles while the bunch passes through the telescope section. Finally, the second emittance exchange section converts it into the transverse coordinate modulation. Thus, the entire bunch compressor amplifies particle density modulation in the transverse phase space.
In what follows, we estimate the emittance growth for a case when the shot noise of electrons is the only source of initial modulation. First, we consider a sinusoidal density modulation along the x′ coordinate at the entrance of the bunch compressor with period , where
is the rms bunch length in the telescope section for a case 0 ≡ ξ assumed here for simplicity. Using the model for a space charge induced longitudinal electric field described in [5, 6] , and assuming that the density modulation is defined by Poisson statistics, we obtain for the energy modulation at the end of the telescope section:
where N is the total number of particles in the bunch, 0 r is the classical radius of the particle, L is 
where x ε ∆ is the emittance increase,
, and the symbol < > defines averaging over particle density distribution in x′ . Next, using (13) and assuming a Gaussian distribution in x′ , we obtain after neglecting small non-essential terms: 
Figure 3. Relative emittance increase as a function of the harmonic number h of particle density modulation along the x′ coordinate at the entrance of the bunch compressor due to the shot noise of electrons.
As an estimate of the highest harmonic number we use the ratio of s σ π 2 to the average distance between two electrons in the bunch, which we find in two steps: by defining the average distance between electrons in the co-moving frame and then by transforming it into the laboratory frame. In result we get:
Finally, by summing the contributions of all harmonics up to h max , we find the total emittance increase of the order of 0.3%. This result may change after accounting for 3D effects at high harmonic numbers similar to [7] . Now we consider emittance degradation caused by synchrotron radiation inside the bending magnets of the emittance exchange sections. Evidently, this is only applicable to electron beams. Mostly we are concerned about coherent synchrotron radiation (CSR). We expect to have the strongest CSR in the bend magnets adjacent to the telescope section, where the bunch length is the shortest, according to Figure 2 . Assuming Gaussian distribution of the electron density, we estimate the electron energy loss/gain using Eq.(18) from [8] :
where B L and R are the bend magnet length and radius of the curvature,
is the rms value of the opening angle of the synchrotron radiation for a spectral component with reduced wavelength
is the reduced critical wavelength of the synchrotron radiation, and
We note that Eq. (17) has an extra exponent comparing to the formula given in [8] . It accounts for reduction of the CSR intensity in the case of a beam with a large transverse size [10] . Starting with (17) and using (9), we obtain a perturbation in x after the second emittance exchange
, where we also substitute / . Now, using (14) we find a relative increase of the projected emittance:
0.036, and where averaging has taken over the electron distribution in x′ that is assumed to be Gaussian. Using a bend magnet with B L = 0.1 m and R = 1 m, and keeping other parameters the same as above, we calculate less than 4% emittance increase. We note that the main reason the emittance increase is rather modest is due to a large beam transverse size inside the magnets that helps with suppression of the CSR; and the main reason the beam size is large is due to a relatively large longitudinal emittance before the bunch compressor. Without that, the impact of the CSR will be much stronger. The electron density distribution in the horizontal phase space after the bunch compressor calculated using the above described beam parameters is shown in Figure 4 .
Figure 4. The electron density distribution in the horizontal phase space after the bunch compressor, with CSR taken into account (left side) and without the CSR (right side).
Ordinary incoherent synchrotron radiation is also able to affect electron beam emittance while the electron beam undergoes the chain of beam manipulations taking place during bunch compression. However, the impact of synchrotron radiation typically scales as 
Other applications
Here we discuss some possible applications that take advantage of the above described beam manipulations. First, we note that any time-dependent variation existing in the beam before bunch compressor will be compressed or expanded (if desired) after the bunch compressor, depending on the demagnification factor in the telescope. For example, one can produce timedependent energy modulation of electrons using laser-electron beam interaction in the wiggler magnet upstream of the bunch compressor and either compress it or expand it with the bunch compressor. Because transformation (12) preserves the depth of the original modulation, the bunch compressor works as an ideal frequency converter. Moreover, the magnetic chicane at the end of the bunch compressor can also convert energy modulation into density modulation and prepare the electron bunch for coherent radiation. Furthermore, the frequency of the radiation produced by this electron beam can be tuned using the telescope's demagnification factor.
Another option consists of modulating only a part of the electron bunch and compressing an entire electron bunch at relatively low electron beam energy, while deferring the microbunching to the high energy, after acceleration. Then the radiation produced by the part of the electron bunch with microbunching can be used as a seed signal for a free-electron laser (FEL) operating with the section of the electron bunch that remains "fresh" and without microbunching.
Yet another option is to use the microbunching obtained via the frequency downconversion and generate THz radiation.
One more option consists of exploring a chirpless nature of a new compression scheme and adding a proposed bunch compressor into a chain of beam manipulations pioneered by a technique of echo-enabled harmonic generation (EEHG) [12] . The idea of merging the EEHG with the emittance exchange transformation was previously considered in [13] , but our approach is fundamentally different. A proposal is to start with three EEHG steps and obtain a characteristic distribution of electrons in the longitudinal phase space shown in Figure 5a . Then, continue by sending the electron bunch through the above-described bunch compressor and squeezing its longitudinal size while expanding its energy dimension as shown in Figure 5b . All of these beam manipulations can be performed at relatively low beam energy. After that one can accelerate electrons, complete compression if needed, and obtain microbunching as shown in Figure 5c . Adding a bunch compressor to the chain of the beam manipulations helps to obtain microbunching at a much higher frequency than is possible using EEHG alone. Besides, bunching efficiency remains the same as if there was no bunch compressor. Thus, by following a proposed scenario one can easily shorten the wavelength for seeding the FEL that is obtainable using the EEHG technique by an order of a magnitude or better. In a numerical example shown in Figure 5 we used a 200-nm wavelength laser and optimized three EEHG steps with the abovedescribed beam parameters to yield a maximum microbunching at the 20 th harmonic of the laser frequency. We also used the bunch compressor with m = 10. Then, after following all beam manipulations described above using a simplified 1D code we obtained the final distribution of electrons in the longitudinal phase space and calculated the bunching factor of 13% at a 1-nm wavelength, i.e., a 200 th harmonic of the laser frequency. This is the same bunching factor as EEHG alone will yield at a 20 th harmonic. A different suite of applications can be served by beam shaping in the telescope section.
For example, a simple collimator installed there to cut beam tails in the transverse direction will actually cut bunch tails in the longitudinal direction because of the downstream emittance exchange transformation. Also a mask with a set of equally spaced vertical slits will produce a train of equally spaced microbunches that can be used later to produce coherent radiation. A proof-of-principle experiment for this idea was recently reported in [14] . The advantage of the scheme with a double emittance exchange is the ability to obtain a train of microbunches with better transverse emittance. Similarly, a mask with specially designed slits can create a train of microbunches with a ramped peak current distribution and a "witness" bunch behind it which is often useful for the study of the wakefield acceleration in plasma and dielectric channel.
Adding a few-microns-thin beryllium foil into the telescope section easily increases energy spread after the bunch compressor due to multiple scattering of electrons in the foil. At the same time, added energy spread due to fluctuation of the energy losses in the foil is small, and no visible impact on the emittance after the bunch compressor is expected. In effect, this arrangement produces the same result as a "laser heater" [15] without the complexity of a laser heater.
This is only a small subset of beam manipulations in the longitudinal phase space afforded by the proposed double emittance exchange and beam manipulation in the transverse phase space in between.
Summary
In this paper we proposed a new type of bunch compressor based on two consecutive emittance exchange beam manipulations additionally equipped with a telescope between them.
We followed this proposal with an extensive analysis and feasibility study. We also examined several collective effects and identified coherent synchrotron radiation as being potentially the most harmful. Then we demonstrated several other applications for the proposed bunch compressor including THz radiation and seeding of the FELs and short wavelength generation as well as shaping of the beam longitudinal density distribution in a way that is beneficial for several applications.
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Appendix
The same result as given by Eq. (11) 
